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' Abstract. Let 1 < p < cxd, / e Lp(R) and A C R. We consider the closed subspace of 

I Lp(R), Xp{f,A), generated by the set of translations /(a) of / by A G A. If p = 1 and 

{/(A) : A G A} is a bounded minimal system in I;i(R), we prove that A'i(/, A) embeds 
almost isometrically into £i. If {/(a) : A £ A} is an unconditional basic sequence in Lp(R), 
then {/(A) : A £ A} is equivalent to the unit vector basis of £p for 1 < p < 2 and Xp{f, A) 
embeds into if 2 < p < 4. If p > 4, there exists / £ Lp(R) and A C Z so that 
{/(A) : A G A} is unconditional basic and I/p(R) embeds isomorphically into Xp{f,A). 
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1. Introduction 

Let / : M ^ M and A S M. We denote by /(a) the translation of / A-units to the right for 
A > (and |A|-units to the left for A < 0). Precisely, 



f{X){x) = /(x-A) for X gM . 

If / G Lp(M), 1 <p < oo and A C M, we let Xp{f, A) equal [{f{x) : A G A}], where [•] denotes 

the closed linear span in Lp(M). Our main focus shall be on the nature of such subspaces 
\0 ■ 

O ' given that {/(a) : A G A} has some additional structure and A is uniformly discrete, i.e., 

O' inf{|A - A'l : A,A' G A, A / A'} > . 



The "additional structure" takes several forms: {/(a) : A G A} is a bounded minimal system. 



^ I or is unconditional basic or can be ordered to be a (Schauder) basis or a (Schauder) frame 

for Xp{f,A). It is worth mentioning that it is known that if {/(a) : A G A} is a bounded 
minimal system, in particular, if it can be ordered to be basic, then A must be uniformly 
discrete. This is easy (Proposition 11.81 below) . 

The nature of Xp{f,A) and {/(a) : A G A} have been studied in a number of papers, 
mainly using techniques of harmonic analysis. Our techniques will be, largely, from the 
geometry of Banach spaces. We recall seven theorems, beginning with Wiener's famous 
Tauberian theorem. 

Theorem 1.1. [Wi]. For f G L2(R), X2(/,M) = L2(M) if and only if f{t) / a.e. For 
f G Li{R), Xi{f,R) = Li(M) if and only if f(t) / for all t G M. 
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Theorem 1.2. [AO, Theorem 2.1]. Let 2 < p < oo. There exists f G Lp(M), all of whose 
derivatives exist and are in L2(M) (i.e., f G H^'°°{R)) so that Xp{f,Z) = Lp(M). Moreover, 
f can be chosen to satisfy, in addition, any one of the following conditions. 

(1) Xp(/,No) = Lp(M). 

(2) {f{n))n& is orthogonal in L2(M). 

(3) if(n))nez is a, bounded minimal system. 

Theorem 1.3. [AO]. Letl<p<2 and let F C Lp(M) be a finite set. Then [{/(„) : f £ F, 
n G Z}] / Lp(M). 

Theorem 1.4. [ER* Corollary 2.11]. Zei 1 < p < oo, / / G Lp{R). Then {/(a) : A G M} 
is linearly independent. 

Theorem 1.5. [01]. Let A = {A„}„gz ^ K so that A n Z = and lim|„|„,oo |A„ — n| = 0. 
Then there exists f G L2(M) so that X2{f,A) = L2(M). 

Theorem 1.6. [OZ', Theorem 2]. There is no unconditional basis of translates of f, {/(a) '■ 
A G A}, with X2{f,A) = L2(E). 

So the space Xp{f,A), A uniformly discrete, can equal Lp(M), for p > 2 at least. For 
p = 1 the situation is different as pointed out to us by J. Br una. 

Theorem 1.7. Let f G Li{R) and let A CR be uniformly discrete. Then X{f, A) / Li(M). 

This seems to be a folk theorem and we were unable to find a reference. It follows from 
Theorem 11.11 and Lemma 13.31 below (and can also be deduced from [BOU| and the proof of 
Lemma 13. 3p . 

For 1 < p < cxD it remains an open problem whether there exists A C M and / G i^p(M) 
so that, in some order, {/(a) : A G A} is a basis for Lp(R). 

In section 2 we prove that if / G i^i(M) and {/(a) : A G A} is a bounded minimal system 
for Xi{f, A), then Xi{f, A) embeds almost isometrically into ii. The same conclusion holds 
if A is uniformly discrete and {/(a) : A G A} can be ordered to be a (Schauder) frame for 
^i(/,A). 

In Corollary 12.101 we show that for 1 < p < 2, if (/(A))AeA is an unconditional basic 
sequence then {f(\))xeA is equivalent to the unit vector basis of £p. For 2 < p < 4 we show 
(Theorem l2.1ip that if (/(a))agA is unconditional basic then Xp{f, A) embeds isomorphically 
into ip but (Proposition 12.15]) (/(A))AeA need not be equivalent to the unit vector basis of 
ip. For 4: < p < oo we give an example (Theorem I2.14p of an unconditional basic sequence 
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(/(A))AeA SO that Xp{f,A) contains an isomorph of Lp[0, 1] (which, of course, is isometric 
to Lp{R)). 

Among further results in section 2, we also consider the translation problem for the 
translation invariant space Lp(M) H L2{R), 2 < p < oo, and show (Proposition 12. 18|) that if 
(/(a))agA is unconditional basic then it is equivalent to the unit vector basis of £2- 

In the beginning of section 3, we revisit the problem for integer translates of / G Lp(]R). 
We also prove that if / G Li(M) with f{t) 7^ for all t, then Xi{f,7j) embeds into li 
(Proposition 13.41) . We also consider discrete versions of our problem for ^p(Z, X) in Propo- 
sitions 13.51 13.71 and Corollary I3.12[ Fourier analysis plays a role in some of these results. 

In section 4, we recall some additional known results from the literature and list some 
remaining open problems. 

We use standard Banach space notation as may be found in [LTj or \JL\. Background 
material on bases, unconditional bases and such can be found there. For the benefit of those 
less familiar with these notions we recall some definitions and facts. A biorthogonal system is 
a sequence {xi,x*)°2^-^ C X x X* where x*{xj) = A biorthogonal system {xi,x*)°^^ C 

X X X* is fundamental (or complete) if [(xi)jgN] = X and hounded if supj \\xl\\ < 00. 

i^i)^! ^ ^ is a minimal system if there exists {x*)^-^ C X* so that {xi,x*)'^^ is a 
biorthogonal system. This is equivalent to Xi ^ [xj ■ j ^ i] for all i € N. {xi)^-^ is a 
bounded minimal system if, in addition, (xi^x*)^-^ is a bounded biorthogonal system. This 
is equivalent to infj dist(xj, [xj : j ^ i]) > 0. {xi)°^i C X is a (Schauder) basis for X if for 
all X G X there exists a unique sequence of scalars {ai)^i so that x = Yl'^i (^i^i- This is 
equivalent to saying that all Xj 7^ 0, [(xj)] = X and for some K < 00, all m < n in N and 
all (a,)? C M, II J2T= -_i o-iXiW < -f^ll X]i=i '^i^ill- The smallest such K is the basis constant of 
(xj). A basis (xj)^]^ for X is a fundamental bounded minimal system for X. In this case 
every x £ X can be written uniquely as x = Yli^i xl{x)xi. The x*'s are a basic sequence in 
X*, i.e., form a basis for [(x*)] C X* and are a basis for X* if X is reflexive, (xj)^]^ is an 
unconditional basis for X if for all x € X there exists a unique sequence of scalars (ai)^-^ 
so that X = ^i^i convergence is unconditional, i.e., x = Yli^i '^7r(j)2^7r(i) ^^r all 

permutations vr of N. This is equivalent to all Xj's / 0, [(xj)jgN] = X and 

sup < II ejOiXi II : ajXj G Bx and = ±1 for all i > < 00 . 

i=l 1=1 ^ 

Here Bx denotes the closed unit ball of X. This number is called the unconditional basis 
constant of {xi)'^^. The biorthogonal functionals then form an unconditional basic sequence 
in X*. 
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A block basis {yi)°Zi of a basic sequence {xi)°2^i is a non-zero sequence given by 

rti 

Hi = ajXj for some sequence hq < ni < n2 < ■ ■ ■ 

i=ni_i+l 

in No and scalars {aj)J^i C R. A block basis is a basic sequence, which is unconditional 
basic if the Xj's are unconditional basic. A sequence (xj) is semi- normalized if < inf \\xi\\ < 

SUPj ||Xj|| < CXD. 

A Schauder frame for a Banach space X is a sequence {xi, fi)^Xx X* such that for all 
X ^ X, X = X^i^i fi{x)^i- Of course every basis for X is a frame for X and just as in the basis 
case, the uniform boundedness principle yields sup{|| X^i : G N, x G Sx} < oo 
(called the frame constant) where Sx = {x £ X : \\x\\ = 1} is the unit sphere of X. More 
on frames can be found in |CHL| and [CDQSZ] . Schauder frames should not be confused 
with Hilbert frames which are much more restrictive. Note that for frames, is not 

assumed to be a biorthogonal sequence. 

In our situation, where we are concerned with {fi)^i being a sequence of uniformly 
discrete translations of some / G Lp(M), we do not know of an example where (/») is a 
frame but is not basic. However, many of our results would hold only given the property of 
Proposition 12.11 below and so we have stated them in terms of frames. 

Some background material on Lp spaces which we shall use can be found in |AQd] and in 
the basic concepts chapter of [ JL] . In particular we shall use that a normalized unconditional 
basic sequence (/j) in Lp(R) satisfies for constants Ap and Bp, depending on p and the 
unconditional basis constant of (/»), 



(1.1) For 1 < J) < 2, for ah (at) C 

1/2 



(oo \ 1/2 oo / oo 

i=i ^ 1=1 ^ ^ i=i 



i/p 



(1.2) For 2 < p < oo, (a^) C M, 

i/p 



i=l ^ i=l ^ ^ 1=1 ^ 



1/2 



If (fi) is unconditional basic in Lp[0,l], 1 < p < cxd then for some Cp, depending on p 
and the unconditional basis constant of (fi), for all (cj) C M, 

(1.3) (Square function inequality) 

p/2 \ Vp 



Y.^^f^\\ - / [Y.\^^?\m)?) dt 
i=l ^ ^ i=l ' I 
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Here we use ~ 5" to denote A<CB and B < CA. 

The Haar basis (/in)$?Li ^ basis for Li[0, 1]. This sequence is given by 

{hn)'^=l = ('^[0,1] 1 '^[0,1/2] -'^[1/2, 1]> '^[0,1/4] "'^[1/4,1/2]: 

'^[1/2, 3/4] - '^[3/4, 1] ; '^[0, 1/8] " '^[l/S, 1/4] ; ■ ■ ■) 

The same system is an unconditional basis for Lp[0, 1], 1 < p < oo. Usually below, we 
will let (/in)^i refer to the normalized Haar basis, i.e., ihn/\\hn\\p)^=i- We can get an 
unconditional basis for Lp(M) from this by copying (hn)^=i onto each interval [k,k + 1], 
A; S Z. In this case we will have functions (/in,fc)neN, kei we will presume they are 
linearly ordered so as to be compatible with the Haar basis ordering on each [k, k + 1], i.e., 
if the functions are ordered as (xi)^^ and if Xi = hn,ki Xj = hjn ^ with i < j, then n < m. 
This ordering yields that if {gi)^i is a block basis of the Haar basis, then {gi\[n,m])i^i is 
also a block basis of the Haar basis (well, some gi^s could be here) for all integers n < m. 

The Rademacher sequence (r„)^]^ is given by (r„)^]^ = {hi, /12, /13 + /14, h^ + - • •+hs, ■ ■ .), 
where the h^s refer to the non-normalized Haar functions. It is equivalent to the unit vector 
basis of £2 in all Lp[0, 1] spaces, 1 < p < 00, i.e., 

i=l ^ ^1=1 ^ 

One reason for taking A to be uniformly discrete in our considerations is, as mentioned 
above, given by the easy 

Proposition 1.8. [OZl Theorem 1]. Let 1 < p < 00 and let {fi,gi)i2^i be a bounded 

biorthogonal system in -Lp(M) so that for some f € Lp(M) and (Ai)f° ^ /j = f[x-) for all 
i. Then A = {Xijf is uniformly discrete. 

Proof. If not, there exist subsequences {im) and (jm) of N so that limm^oo — Aj„| = 
and Aj^ / for all m. Then 

II ^ {dim 1 fim ~ fjm ) _ ]_ 

ll/im ~ /imilp ll/im ~ /jmllp 

and the latter is unbounded in m, a contradiction. □ 

2. Main Results 
We begin with the elementary but very useful 

Proposition 2.1. Let A C M 6e uniformly discrete, 1 < p < 00, and f G Lp(R). Then for 
all intervals I = [a,b], Y^xeA II/(a)|/|Ip < ^- 



b — a 
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Proof. Choose eo > so that |A - A'| > Eq for all A,A' G A with A / A'. For i £ Z, set 
I^ = [a + {i- l)eo, a + ieo] . Then for i € Z, 

\f{t-x)\Pdt = Y^ / \f{twdt< 

since the intervals of integration are disjoint for A G A. Thus 

AeA e=i AeA " 

We note a simple consequence of Proposition [2TTJ We remark that in |A01 Theorem 4.1], 
it is proved that if 1 < p < oo and / E Lp(M) n Li(R) then Xp{f, Z) / Lp{R). 

Proposition 2.2. Let 1 < p < oo, f G Lp{R) n Li(M), and let be a sequence of 

uniformly discrete translates of f. Then {fijfli is not a fundamental bounded minimal 
system for Lp(M). Furthermore, there is no sequence {gi)iZi ^ Lq{M) {1/p + 1/q = 1) so 
that {fi,gi)^i is a frame for Lp{ 



p 1-1 



Proof. Assume {fi,gi) were in fact such a frame. = for all i and thus {gi)^i is 

a;*-null and hence bounded in Lq{W). Let K = supj \\gi\\q. Choose no G N with 

oo ^ 

ii/ii[o,i]iii < ^ • 

j=n.o+l 

Choose /i : M ^ M so that \h\ = X[o,i] ^-i^d \{h,gi)\ < ^^^^jj^n^ for i < uq {h could be 
a Rademacher function). Thus \\h\\p = \\h\\i = 1. Also h = Yl'iLi{^->9i) fi^ the series 
converging in Lp(M), and so 

oo 

^l[0,l] = Y^{h:gi)fi\[Q,l] , 
i=l 

the series converging in Li[0, 1]. Then 



oo 



i=l 

no 



<Y.\(h^9^)\\\f\\l+ E lb.ll<?ll/.l[0,l]l|l 
i=l i=no+l 

no 1 1 



a contradiction. 

The argument is similar if we assume that {fi,gi)iZi is a fundamental bounded biorthog- 
onal system for Lp(]R). Then, for the same h, no and for e > arbitrary, we can choose 
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/ = E"=i Oj/i with \\h - fWp < e. Thus ||/|[o,i] - h\\i < e and 

no n 

(2-1) 1 < ||/|[0,l]l|l < ll/i|[0,l]lll + X] lOil ll/il[0,l]lll ■ 

i=l i=no+l 

For i < no, 

= \giW\ < hif -h)\ + \gi{h)\ <Ke+ ^ 



4no||/||i 

For i > no, \ai\ < K{1 + e). Hence by ([21^ 



1 - ^ < ^0 (i^e + ^-i^) ll/lk + ^ f:^Kil + e)||/.|[o,i] 111 

<noKe||/||i + ^ + ^(l+e) <^<l-e , 
a contradiction, if e < 1/4. □ 
For p = I we have a stronger result as a consequence of our next theorem (CoroUarv l2.4p . 

Definition. Let l<p<oo, 1/p + 1/q = 1. 

a) Let {fi,gi) ^ -^^p(IR) x Lq(R) be a frame for a subspace X of Lp(M). We say {fi,gi) 
satisfies (*) if 

(*) for ah e > and ah bounded intervals ICR, there exists n G N so that for all 
m > n and / G X, 



< ell./ Hp • 



II ^ if, 9i) fill 

i=m+l 

b) A semi-normalized bounded minimal system {fi)^i in Lp(M) satisfies (**) if 
(**) for all e > and bounded intervals /CM there exists n G N so that for all 
n < m < mi < 771-2 and / = YlT^i "-ifi with ||/||p = 1 , || Yl'i^m «i/iUII < ^ • 

Theorem 2.3. Let {fi,gi)fZi a frame or a semi-normalized hounded fundamental min- 
imal system for a subspace X of Lp(M), 1 < p < oo, satisfying (*) or {**), respectively. 
Then X embeds almost isometrically into ip. 

X embeds almost isometrically into ip means that for all e > there exits T : X ^ ip 
with (1 + e)-i < ||r/|| < 1 + e for all / G Sx- The proof of Theorem ES] will yield, for all 
e > 0, a partition H = {Ds)'^i of M into intervals so that for all / G Sx, 

\\f-Enf\\p<e. 
En is the conditional expectation projection 

m{Ds) ■ 
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Of course, in Lp, ( ^(^^^-j ) is 1-equivalent to the unit vector basis of ip. 
From Proposition 12.11 and Theorem 12.31 we obtain 

Corollary 2.4. // {fi,gi) is a frame or a fundamental bounded minimal system for a sub- 
space X o/Li(M) where the fi's are uniformly discrete translates of some f G -Li(M), then 
X embeds almost isometrically into ii. 

Proof of Theorem \2.3[ We first consider the frame case and let C be the frame constant. 
Thus for al\ f £ X and n G N, 



1=1 



< C 



p ■ 



Let e > 0. We inductively choose increasing sequences (m-fc) and (uk) in N to obtain, 
where h = [-mfc,mfc], 



(2.2) for / G X, and n > nfc , ^ idi, DUh-i 



< eT 



j=n+l 



(2.3) for / G span{/j : i < Uk} , 



< £2" 



We do this by setting Iq = 0, letting rii be arbitrary and choose mi to satisfy (j2.3p for 
k = 1. Then choose n2 to satisfy ()2.2p using (*) and continue in this manner. We let 
Ak = Ik\Ik-i, for A;GN. 

Choose a partition vr^ of A^. into intervals. A; > 1, so that for all / G span{/j : i < n^+i}, 



(2.4) 



DGTTfc 



m{D) 



D 



Let / G X with 



1. Then, with no = 0, 



i=l 

oo ris 



oo / ris 



S = l j = 71,_|+l 



s=l i=ns~i+l 



+ 2Ce , by U2\ 



oo n. 



< E E ^9^J)f^\l 



i\ls\Is 



where we let /_i = /q 



+ 2Ce + 2e , by (lO 



oo Us 



E E (5'i,/>/iU,uA,_i 

s=l i=ns-i+l 



+ 2Ce + 2e 



SYSTEMS FORMED BY TRANSLATES OF ONE ELEMENT IN L„ 



where we let Ai 



= w 

"^XAs X] i9i,f)fi 

s=l i=ns_i+l 

ris+i 



+ 2Ce + 2e 



(2.5) 

Now by ([22]) for s G N, 



/ oo p\ 1/p 

^ s=l D£tts ^ i=ns^i+l ^ 



{aiJ)fi{x)dx 



\ -^/p II °° 

i=ns+i+l 



If s > 1 then by ([M 
(2.7) 



E I / ^^9iJ)fi{x)dx 



1/p 



Prom ([23]) . ([2:61) and (pT]) we obtain that 



/ f p\ Vp °o oo 

-( E / /W^^ ) + ^2-^+iCe + 6Ce 



U 



- ( E I / -^(^^ ^) ^ + 8Ce = 1 + 8Ce . 



156 U 

s = l 

Thus T : X ^ ^p(U^i '''"s) given by / ( /(x) dx) z)gu°f^^ ttj, is the desired embedding. 

The proof in the case that {fi)'^i is a bounded fundamental minimal system for X C 
Lp(M) is nearly identical. We let K = supj \\gi\\q and in the construction replace (j2.2p - (j2.4p 
by 

m 

For all ?7-fc < ?i < m < m and / = a,/j € , 

1 

m 

E'^»/il4-i <£2~'' (using (**)). 
II ^ lip 

i=n 

For all / = aj/j with |aj| < i^' for i < n^, ||. 



< £2" 



i=l 



For all / = Oj/j with |aj| < for i < n^+i, 



fix) dx 



D&Uk 



< e2- 



The proof then proceeds as in the frame case for / S span(/j), / = '}2i=i O'ifij II/IIp = 1- 
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Remark 2.5. Let X C Lp(M) be as in Theorem 12.31 with 1 < p < oo. Then there is a 
shorter proof that yields X ^ £p. In fact in the bounded minimal system case, one can 
replace (**) by the weaker 

* For all e > and bounded intervals /CM there exists n G N so that if 
/ G span(/i)i>„ with = 1, then ||/|/||p < e. 

Indeed by |KP| . [j] and |JQ| . it suffices to prove that if ( normalized weakly 

null sequence in X then some subsequence is 2-equivalent to the unit vector basis of ip. 
Then, from (*) or (* * *), it is easy to find and intervals /i C /2 ^ ■ ■ ■ so that 

||x„. |/.\/^_J|p > 1 — ^ for all i and deduce the result. 

We will say that a frame {fi,gi)iZi for X satisfies a lower iq-estimate if for some K < 00 
and all x £ X, 

00 \ 1/9 II °° 



i=l ^ i=\ 



K\\x\ 



A Hilbert frame, by definition, satisfies lower (and upper) ^2-estimates. 

If {xif^Y ^ fundamental bounded minimal system for X we say that (xj)^-^ satisfies a 
lower ^g-estimate if for some K and all scalars (oj)" 

' n \ 1/g .. " 

i=\ ^ i=\ 

Proposition 2.6. Lei 1 < p < 00, 1/p + 1/ q = 1. 

a) Assume 1 < p < 2 and let {fi)'^i be a sequence of uniformly discrete translations of 
f £ Lp(IR). Let either {fi,gi)i2^i C Lp(R) x Lg(IR) be a frame or {fi)°^i be a fundamental 
bounded minimal system for X C Lp(M). If {fi)^i admits a lower iq-estimate, then X 
embeds almost isometrically into £p. 

b) Let be a frame for Lp{M.) , where is a sequence of uniformly discrete 
translations of f £ Lp(M). Then for all bounded measurable sets B of positive measure, 

•k^oo II I iig 

Li=i \\9i\B\\i = 00. 

Remark 2.7. The hypothesis in a) would be vacuous for p > 2 since some subsequence of 
{fi) is equivalent to the unit vector basis of ip. 

Proof. First let {fi,gi)'^i be a frame for X C Lp(M) as in a). Assume for all f £ X, 



/ 00 X i/g 

^ i=i ^ 



p ■ 
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For any bounded interval / C M, / £ X and n E N, 



11 



LXJ LXJ 

Y^miDMj <Y.\9^(f^\ \\Mi\ 



i=n 



i=n 

( oo \ l/g / oo 

T.\amA (Ell 
i=n i=n 

1/p 



\\P 
l/llp 



1/p 



<K\\f\\p(Y.\\Mirp 



Prom Proposition ETT] we obtain that (*) holds and so Theorem 12.31 applies. 

Similarly, if (/j) is a fundamental bounded minimal system for X and / = aifi with 
= 1, we have 

m \ 1/p 



m / m V 

Y.^di\i\ <K[y^mi\\A 

n ^ ^ n ^ 



and so, again, we have (**) and apply Theorem 12.31 

b) Assume that for some B of positive measure IIs'iIbIIi < Let h £ Loo{B), 

\h\ = 1. So h = X]£i(^' 5'«)/«Ibi the series converging in Li{B). Thus 



m{B) 



<iZ\^h,gMfi\\i+ E K^5.|B)lll/i|B||i 

l/g / oo 



i=l 



i=n+l 
oo 



ra / oo X l/q / oo 

<EK^'5i)iii/^iii + ( \\9'M\) ( E 

i=l ^j=n+l ^ ^i=n+l 



ll/ilBlll 



1/p 



Then, as in the proof of Proposition 12. 2^ we can choose n so that the second term does not 
exceed m(i?)/4, and given this n, choose h to make the first term also less than m{B)/A. 
Thus m{B) < ^m{B), a contradiction. □ 

Part a) of Proposition [2^ yields a quantitative improvement of Theorem ll.6[ If {/(a) : A G A} 
is unconditional basic in L2 (K) , then given e > there is a partition 11 of M so that for all 
9eX2{f,A), 

Remark 2.8. a) Let / = X[o,i] — '^'^[1,2] ^ Lp{W). The sequence {f(n))n€i. is basic in Li(M) 
when ordered as (/(o), /(i), /(-!)> /(2)5 /(-2)i • • •)• It is not unconditional since 

2n n 



i=—2n 



E „ = 2'^^ but E A: 



2i) 



(2n + 2 
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For 1 < p < oo, (/(n))nez is not a frame nor a minimal system in Lp(M). The latter follows 
easily from the fact that 



lim 

n— >oo 



k=l 







b) (due to S.J. Dilworth) Let 1 < p < oo and let 

/ = ^[-3/2,-1/2] + 2X[_i/2,l/2] + ^[1/2,3/2] 

For n G N set 

9n = f + ^^-^ (/W + fi-k)) 



k=l 



n 



Then for x > 

+ /(0)(^) - /(i)(^) = -1 + 2-1 = if x G [0, i] 
/(0)(X-/(1)(X) + I^/(2)(X) = l-2+I^ = -i if X G [if] 



(-1)' 



.n — k + 1 



n 



/(fc)(x) + (-l) 



fc+i 



n — k 



f{k+i){x) 



gn{x) = < 



n " ' 

+ (-l)'+'^/(fc+2)(x)=0 ifxG + 



(-ir-^-/(„_i)(x) + (-i)"-/(„)(x) = 
(-ir^/(n)(-) = (-ir^ 



n 



n 



2' I 2 J 

for some 1 < /c < n — 2 

if X e [n— 

if X G [n+^,n+|] . 



Thus ll^nllp = A^/P/n, hence /(q) G [{/(fe) : k e Z\ {0}}] and so {f(k))kez is not a minimal 
system in Lp(M). Furthermore, 



It follows that 



^[-1/2, 1/2] (a:^) 



1/2 

e" 

27r 7-1/2 
1 sinx 



[2 + cos : 



1 sinx 



27r X 



V2Tr X 
so /(x) 7^ a.e.. 

c) (due to D. Freeman) It is well known that if (/j)^i is a normalized sequence in Li(M) 
with > A > ^ for all i and some sequence of pairwise disjoint measurable sets /j C R, 

then {fi)i^i is equivalent to the unit vector basis of £i. Indeed 



> A ^ \ai\ - (1 - A) ^ |ai| = (2A - 1) ^ \ai 
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Thus if {/(A) : A E A} is a sequence of uniformly discrete translations of 7^ / G Li(R), 
then it can be split into a finite number of subsequences, each equivalent to the unit vector 
basis of ii. 

d) By Theorem Ol if 1 < < 00 and / E Lp{R), / / then {/(a) : A G R} is 
linearly independent (see also Theorem 14.21 below) . However one can find / G i^i(M) so that 
{/(„) : n G Z} is not w-linearly independent in its natural order [R] . 

We next turn to the case where (/j) is unconditional basic in Lp. We first recall 

Proposition 2.9. \JO\ Lemma 2]. Let 1 < p < 2. Let (fi) C Lp(M) be seminormalized 
and unconditional basic. Assume that for some 6 > there exists a sequence of disjoint 
measurable sets {Bi)^^ with ||/i|_Bj|p > 5, for all i. Then {fi)^^ is equivalent to the unit 
vector basis of £p. 

Corollary 2.10. Let {fi)'^i be an unconditional basic sequence in Lp(M), 1 < p < 2. 
Assume the fi's are all translates of some fixed f £ Lp(M). Then {fi)'^i is equivalent to 
the unit vector basis of ip. 

Proof. Let fi = f(^Xi) for i G N. Let p = ^ inf{|A.j — Xj\ ■ i ^ j} > 0. Let / be an interval of 
length p with ||/|/||p = 5 > 0. If = / + Aj for z G N then the iJj's are pairwise disjoint 
and II/iIbJI = II /I /II = S for all i. Proposition 12.91 vields the result. □ 

As we shall see the situation is more complicated for p > 2, and especially so for p > 4. 

Theorem 2.11. Let 2 < p < 4 and let (fi) C Lp(R) be an unconditional basis for 
X Q Lp(R). Assume the fi's are all translates of some fixed f G Lp(]R). Then X em- 
beds isomorphically into ip. 

Lemma 2.12. Let p 7^ 2 and let X be a subspace of Lp{M) not containing an isomorph of 
ip. Then there exists c > so that |||/||| = ||/|[_c,c]llp ^-^ (^'^ equivalent norm on X. 

Proof. If the lemma is false then we can find {fk)'k'=i — Sx and (w-A;)^! C N so that 
ll/fcl[-mfe,mfc]ll > 1 - 2-^^-^ and ll/fc+il II < 2-2^-1 for all A; G N. It follows easily 
that {fk)T=i is equivalent to {fk\[-mk,mk]\[-mk^i,mk-i])T=i which, being seminormalized and 
disjointly supported, is equivalent to the unit vector basis of ^p. □ 

We shall also use 

Proposition 2.13. [JOj . Let X be a subspace of Lp(M.), 2 < p < 00, which does not contain 
an isomorph of £2 • Then X embeds isomorphically into ip . 
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In fact by |KWj . X must then embed almost isometrically into Ip. 

We set some notation and recall some things before proving the theorem. We let {hi) 
denote the normalized Haar basis for -Lp[0, 1] regarded, canonically, as a subspace of Lp(R). 
As mentioned in the introduction, for i G N and n E Z we let /i(j,n)(") = ^«((") ~ ''^)- Thus, 
(^(i,n))jeN, nez is an unconditional basis for Lp(M). 

G. Schechtman [S] made the very useful observation that if and {gi)°^i are semi- 

normalized unconditional basic sequences in Lp(M), 1 < p < oo, with 

oo 

(2.8) ^\\\fi\-\9i\\\p<^ 

i=l 

then(/j)^]^ is equivalent to {gi)°Zi- This follows from (1.3). In particular, if {fi)°^i is 
seminormalized unconditional basic in Lp{M) then, by first approximating each {fi)'^i by a 
simple dyadic function and then using the above consequence of (1.3), there exists a block 
basis {gi)^i of (/i(j „))jgN, nez satisfying (j2.8p and thus being equivalent to {fi)°^i- 

Proof of Theorem \2. Ill By Proposition 12. 13] it suffices to prove that X does not contain an 
isomorph of £2. By our above remarks we can choose a block basis {gi)'^i of (/i(i^ri)) which 
satisfies (|2.8p . In particular {gi)°^i is equivalent to (/i)i^i and we maintain 

00 

(2.9) IbiUllp < 00 for all bounded intervals /. 

i=l 

Thus we need only show that [(9j)i^i] does not contain an isomorph of £2- If this is false, 
then there exists a normalized block basis {gi)^i of {gi)^i which is equivalent to the unit 
vector basis of £2- Set X = [(^Oi^J- % Lemma [2?T2] there exists M G N and 1 < C < 00 
so that for all 5 G X, / = [-M, M], 

(2-10) \\g\i\\p>C-'\\g\\p ■ 

Since {gi)iZi is a block basis of (^(i.„)) then so is the normalized and unconditional 
sequence (5j|//||9i|/||p)i^i. This yields lower ip and upper £2 estimates for this sequence 
and {gi) (see (1.2)). From this and (j2.10p we obtain for some constant D < 00 and for all 
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(oj) C M, and g = Xl^i Oj^j G X 

i/p 



i=l ^ 1=1 



(2.11) 



j=i 



7 ^ fljlls'il/llp-n — ni~ 

U \\9i\l\\p 



<D(f2\a,mg,\i\\l\ 
^ 1=1 ^ 



1/2 



By (|2T9|) there exists no G N with 



(2.12) 



1/p 

IP \ ^ /ory\-l n-2 



I— no 



< {2C)-'D- 



Let g be an element of Sx which has the property that if we expand it in terms of the 
^j's, i.e., if we write it as 5 = X^^^ Oj^j then Uj = for j < uq. From (j2.10p and (|2.1ip . 



1/2 



{o-i )i=no lkp/2 



\9i\l\\p) 



2\oo 



i=no " — £t. 



1/2 



(applying Holder's inequality for p/2 and p/p — 2) 



i=no 



<^'ii5i/iip(f;ii5.i/ii^) 

i=no 



1/p 



(by ([ZTT]) and since p < 4, ^ > p) 



<{2C)-' by (EH, 



which is a contradiction. 



□ 



When p > 4 the possible structure is more complicated. 

Theorem 2.14. Let A < p < 00. There exists f G Lp(E.) and A C Z so that (/(a))agA is 
an unconditional basic sequence with Xp{f,A) containing an isomorph of Lp(R). 

Proof. We identify, in the canonical way, Lp(M.) with (0jg^ Lp[0, 1])^^. Since Lp[0, 1] is iso- 
metrically isomorphic to Lp{[0, 1]^), we need only produce / = {fi)iez G (©iez-^pt^' ^Y)ip 
and A C N so that setting for A G A /(^^ = [fi-xjiez, then Xp(/, A) contains an isomorph 
of Lp[0,l] and (/(A))AeA is unconditional. 
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Letting, as before, {hn)^^i be the normalized Haar basis for Lp[0, 1] and {rn)^^i the 
Rademacher functions on [0,1] we have, for some constants Cp and Dp (see (1-3)), for all 
(ai) C M, 



(2.13) 



(oo s 1/2 oo ^ OO V 

i=l i=l ^ V / 



1/2 



and 



(2.14) 



i=l 



D. 



V sr^ 2 1 1, 1 2 



1/2 
p/2 



Since p > 4 we can choose (£i)^i C (0, 1) so that 



(2.15) 



i=l 



and there exists a partition {Jn)^=i of N into finite intervals with 



(2.16) 



E 



= 1 for all n G N 



We are ready to define / = {fi)iez G (0iez Set for i G Z, 



(2.17) 



ejhn ®rj, if i = V with j G J„ for some n G N 
, otherwise. 



where /i„ (g) is placed on the z*" copy of [0, 1] . Note that 



'J Hp 



EE4 = i 



Let A = {— S-' : j G N} and so our translated sequence is (/(_3j))j^i. For ease of notation 
below we shall write /(_33), / shifted 3-' units left, as f^~^^\ and f^~^^^ = {fi~^^^)iez where 
//"^'^ denotes f'^'^ restricted to the i*'* [0, l]^. 
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Now /q = Sjhn rj if j e J„ and so for (oj) C 



(-3^) 



(2.18) 



dt ds 



p/2 
p/2 



1/2 



||E( „' bydllll). 



Now for j G N, ^ iff ^ = 3'= - 3^ for some A: e N. If £ / and ^ = 3'= - 3^ = 3'=' - 3^' 

for k,k',j,j' E N then k = k' and j = j'. Thus the functions {f^~^^^)jeN are disjointly 
supported except on the O*'^ copy of [0, 1]^. Also 



^^0 



(-3^) 



From this and (j2.18p we obtain for some K, for all (aj) C M, 



(2.19) 



jeN 



P K 



1/2 



E E +Ei« 



Thus {f^^^^^)'j^i is unconditional and we shall next construct a block basis (6^"^)5^i of 
(j{-3^))oo ^ which is equivalent to (/in)5^Li- 
For n E N set 

From (I212D, for (c„) C M 



E ^'^^^^ 



n=l 



n=i ieJn 



||E^«( E4) ^« p + EEi^" 

n=l ^jeJn n=ljgj„ 
oo oo . ^ 

E^n/.4+Ew^ E-n- 

n=l n=l ^ 7GJn 
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Thus, using this and (1.2), the lower Ip estimate of (/in)5^Li) we see that is equiv- 

alent to {hn)n=i- Q 

We next note that under certain additional assumptions we cannot have the situation of 
Theorem [231 

Proposition 2.15. Let 4 < p < oo and let {fi)fZi be an unconditional basis for X C Lp(M) 
where the fi 's are all translations of some fixed f G Lp(R). If either 

a) / e L2(M) or 

b) Engzll/l[n-l,n]ll|^ < °^ 



then X embeds isomorphically into £ 



Proof, b) follows easily from the proof of Theorem 12.111 Indeed we can use b) to deduce 
the next to last inequality in that proof, rather than using p < 4 as was done there. 

a) We assume the contrary so by Proposition 12.13) X contains an isomorph of £2- We 



choose /, {gi)iZi ^-nd {gi)'^i as in the proof of Theorem 1 2 . 1 1 1 wit h the additional assumption 

that YaLi II \fi\ - \9i\ II2 < oo- 
Hence, using / € L2(M), 

00 

(2-20) X] 11^^1^112 < °° • 

i=l 

Now is a block basis of (h^i^n)) which is equivalent to the unit vector basis of £2- 

This forces || • ||p and || • II2 to be equivalent on C Lp{I) |KP] . {gi)'^i is also a 

normalized block basis of {gi)°^i and so we may write gi = YljLm^i+i ^j9j some scalars 
(cj), no < rei < • • • and all i G N. Since {gi\i)'^i is also a block basis of and hence 

is orthogonal in L2{I), we have for z G N, 

rii / rii s 1/2 / rii s 1/2 

Ilffi|/ll2 = || Y (^Mi Y s^lbil/llij <sup|cj|f Y Ibil/llij 

j=ni_i+l ^j=ni_i+l ^ i ^i=ni_i+l ^ 

and the latter converges to as i — > oo by (j2.20p . Thus ||5i|/||2 — > so H^il/Hp — > which 
is a contradiction. □ 

We next present two more examples. The first is an easy example of a translation sequence 
in Lp (2 < -p) which is unconditional but not equivalent to the Ip basis and so Theorem 12. Ill 
cannot be improved to get (/j) equivalent to the unit vector basis of tp. The second is a 
translation sequence (/j) in Lp, p > 4, which is basic but not unconditional. 
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Example 2.16. Let 2 < p < oo. There exists / G ip(M) so that {f(n))'^=ii the sequence 
of translations of / by n G N, is unconditional basic but not equivalent to the unit vector 
basis of ip. 

Of course we already know this for p > 4 by Theorem l2.14[ Let (r„)n6Z be an enumeration 
of the Rademacher functions on [0, 1] extended trivially to functions defined on all of M. 
We define rn{-) = ?'n((') — n), for n G Z, and let / = Yln& where we regard —4= = 1. 

Note that ||/||p = 1 + 2 XlJ^i < oo, since p > 2. For {a-i) G cqo, 9 = Y.aif(i) and 

x G [A;, /c + 1], A; G Z, we observe 



oo 



i=l i=l V I 



rk-i{x - k) 



Thus, for some Cp > 

/ °o „2 \p/2 
fcgZ k& ^ j=l ' ' ^ 



which shows that is unconditional. Moreover, if we let Oj = 1, for i = 1, . . . , m G N 

for m G N we obtain 

M IP m . m ^ p/2 

||E/«|L ^ E ^ Cp m(logmr/2 . 

i=l ^ fc=l ^ i=l ' ' ^ 

Thus (/(j)) is not equivalent to the unit vector basis of Ip. □ 



Example 2.17. Let p > A. There exists / G Lp{R) and A C Z so that {f^X) : A G A} is 
basic in some order, but not unconditional. 

As in Theorem 12.141 we identify ivp(M) with (©„gaLp[0, l])p, and we write / as (/j :G Z) 
with fi G Lp(0, 1), for i G Z, and, as in Theorem 12.141 we write f^^^ instead of f(^xy 

For J G N let aj = and oq = 1. Let (rj) be the Rademacher sequence on [0, 1]. We 

define / = (/i)iez by 



dj-iTj — aj^iVj^i if i = 3^ for some j G N, 
otherwise. 
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Since p > 4, (a^) G and, thus, / G {®n&Lp[^A])p- We let A = {-S-'' : j G N}. For 
C M we compute (60 = 0) 

n n 
n 



We deduce that 



^(6jOj_i - bj^iaj)rj - 6„a„+ir„+i . 



|ri — a„a„+ir„_|_i lip — > 1 if ?i — > 00 , and 



n + ^(-l)*"^^2ai_iajri ± a„a„+ir,„+i 

j=2 



" \ 1/2 / " 
4 



E 



1 \ 1/2 

Si 



j=l ^ i=l 

We can now apply the same arguments as in the proof of Theorem 12.141 and obtain 



E'./r'ltv(Ei'.i'')^ 



Prom this expression it follows that (/^ is basic. 

Indeed 



n X 1/2 / n X 1/p 

.7 = 1 ^ ^.7 = 1 ^ 



Let the right hand expression be equal to 1 with 

n 

^{bjaj^i - bj-iajf + (6„a„+i)^ = 1. 
j=i 

Then if (6„a„,+i)^ < 1/2, for any extension {bi)^^, m > n, the right hand expression is at 
least If (6„a„+i)2 > 1/2 then 6„ > 1/21/^ and so (Ef=i l&jD^/^ > 2~i/l 

Finally is not unconditional since 



while 



(logn)i/P 



(logn)^/2 _ 
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□ 

The translation problem can, of course, be considered in other rearrangement invariant 
function spaces on M. We end this section with a simple result in the space Lp(]R) n L2(M) 
for 2 < p < cxD. The norm is given by ||/|| = ||/||p V ||/||2 and the space is isomorphic to 
Lp(R) (see e.g., [JMST| for more on this space). 

Proposition 2.18. Let 2 < p < oo and let {fi)^i be an unconditional basis for X C 
Lp(M) n L2(M) consisting of translations of some fixed f G Lp(M) n L2(IR)- Then {fi)^i is 
equivalent to the unit vector basis of £2- 

Proof. As before, by first carefully approximating in both || • \\p and || • II2 each fi by a simple 
dyadic function fi and then choosing a block basis (gi)^i of with \gi\ = \fi\ for all 

i, we obtain: {gi)°Zi is equivalent to {fi)°Zi in Lp(M) n L2(M). 

Now {gi)'^i is unconditional and semi-normalized in Lp(]R)nL2(M) which is isomorphic to 
Lp. Hence by (1.2), (gi) admits an upper ^2-estimate. Furthermore (gi)^i is unconditional 
and semi-normalized in L2(M) and thus also admits a lower ^2-estimate in || • II2 and so in 
Lp(M)nL2(M). □ 

3. Discrete versions of the problem 

It remains open if Lp(]R), 1 < p < cxd, admits a basis of translations of some fixed 
/ G Lp{M) (see section 4 for more open problems). The examples in section 3 were all 
integer translations and this leads to a natural 

Question 3.1. Let 1 < p < 00. Is there a set A = {A^ : n G N} C Z and an / G Lp(R) so 
that that (/(a„) : G N) is a basis for Lp(R)? 

The answer is no for 1 < p < 2 (and of course for p = 1 by Theorem 1 1.7p by Theorem 1 1.3[ 
We also deduce this as a Corollary to Proposition 13.71 below. The answer is also no for 
A = Z by PO] . 

Proposition 3.2. |AQj . Let 1 < p < 00. There is no X > and f G Lp(M) so that 
{/(An) ■ n £ 7j} can be ordered to be a basis for Lp(M). 

Proof. We will prove a more general result below (see Proposition 13.71 and Corollary 13. 12p . 

□ 

We can do a bit better in Li for certain spaces Xi{f, {Xn)ne'z)- By Theorem II. H 
Xi(/,M) = Li(M) forces f{t) ^ for all t. 
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Lemma 3.3. Let f G Li(M) with f{t) 7^ for all t, and let A = {A„ : n G N} he uniformly 
discrete. Then {/(A„)}nGN is a non-fundamental minimal system in Li(M). 

Proof. We use the fact that for a uniformly discrete A, there exists a > so that (e* "*)ngN is 
not complete in C[—a, a]. As pointed out to us by J. Bruna, this fohows from Paley- Wiener 
theory by constructing, from an entire function of finite exponential type, a Paley- Wiener 
function which vanishes on A. Alternately, this can be also quickly deduced from Beurling- 
Malliavin radius of completeness formula (cf. [Kol section IX D]) and the fact that the 
uniformly discrete sequences have finite Beurling-Malliavin density. For convenience of the 
reader, we present a proof. We recall the definition of Beurling-Malliavin density Dbm- For 
A C (0, 00) and D > 0, a family of disjoint intervals {a^, b^), < ai < bi < . . . < < b^. < 
. . ■ ^ 00 is called substantial for D if 



>D k = 12 / "fc - "fc y 



00, 



where n\{ak,bk) is the number points of A in the interval {ak,bk). Then the density is 
defined by 

Dbm{^) = sup{D > : there exists a substantial family for D}. 

For a general A, put Dbm(A) = max{i:'BM(A+), -Dbm(A^)} where A+ = AnM+, A" = 
(— A)n]R"'". Beurling-Malliavin radius of completeness theorem asserts that {e*'*'"* : A„ G A} 
is complete in C[— a,a] if and only if ttDbm{A) > a. 

Now suppose that A is uniformly discrete and let 6 = inf{|A — A'| : A, A' G A, A 7^ A'} > 0. 
Since n\{ak,bk)/{bii. — a^) < 2/5 for all 6^ > > 0, no D > 2/6 can be substantial for 
A, and therefore Dbm{^) < 2/6. Thus, by Beurling-Malliavin theorem, (e*'''"*)ngN is not 
complete in C[—b,b] for b > 2/6. 

To see the minimality of {/(a„)}; suppose to the contrary that for some no, f\„^ G 
[(/Ajn^nol in Then A„,^ (t) = /(t)e-*^"ot g [{fit)e-'^^-%^no] m Co(M). Now 

fit) / for all t, so e-*^"o* g [{e"*^"* : n / no}] C C[-6, b] for all 6 > 0. Thus (e-^^"*)„^„o 
is complete in C[—b,b] (cf. [Yo, Theorem 8, p. 129]). This contradicts the fact when 
b > a. Similarly, observe that {/(a„)} cannot be fundamental in Li(]R), indeed otherwise 
(e"*^"*)„gN would be complete in C[-b, b] for all b > 0. □ 

Note that the assumption f{t) 7^ for all t is not frivolous due to Remark 12.8b ). 

Proposition 3.4. Let / G Li (M) with /(t) / for all t and let A > 0. Then Xi (/, (An)„ez) 
embeds almost isometrically into t\. 
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Proof. By Corollary [231 it suffices to show that {f[Xn))nei^ is a bounded minimal system. By 
Lemma [3^ it is a minimal system. Let g{f) = 1, g{f(xn)) = for n G Z \ {0}, g £ Loo(IR)- 
Then {f(\n), 9{\n))neZ is a bounded minimal system. □ 

Proposition 13.21 generalizes to ip-sums of a separable infinite dimensional Banach space 
X. Define £p{X) = ip[TL,X) = {^^^^X)^^. For F = {fn : n e e (piX) and k e Z, let 
be F shifted right k times. Precisely, F^'^^ = {fn-k)nez- 

Proposition 3.5. Let X be a separable infinite dimensional Banach space, 1 < p < oo. 
There does not exist F G £p{Z,X) so that {F^'^) : k e Z} is a basis for £p{7j,X) in some 
order. 

Proof. Let 1/p + 1/q = 1 and assume for some F that (-F^"'^)^;^ is a basis for ^p(Z,X) 
where (ni)'?^^ is a reordering of Z. Let (Gj)jgN ^ ^qi^jX*) be the biorthogonal functionals 
to Choose io with = and set Gi^ = G = {gn)n&, with g„ G X* for n G N. 

For n,m €z Z, 

Again, from the uniqueness of the biorthogonal functionals to a basis (for ^p(Z, X)), we 
see that Gi = G("») for all i G N. 
Choose j G N with 

i/p I 



< 



2IIGII 



Since X is infinite dimensional, there exists x G S'x with g^mix) = for all i < j. Set 
H = : n G Z) G ^p(Z,X). Then 



i=l i=j+l 



Hence, 



1 = ||X|| = \\H\\ = II E (/7,G("'))F("») = E (5-n„/-n.) 

i=j+i j=i+i 

CO / CO X 1/p ^ 

< ii5-„jiii/-„ji<iiG||( E ii/_„jr) <-, 

a contradiction. □ 

Problem 3.6. Let 2 < p < oo and let X be a Banach space with dimX > 2. Does there 
exist F G ip{Z,X) and (Aj : i G N) C Z so that (F(^"^),=i is a basis for ipiZ,X)? What if 
dimX = 2 or if X = ip? 
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We do not ask the question for p < 2 because of the following proposition which gener- 
alizes Proposition 13.51 in that case. 

Proposition 3.7. Let 1 < p < 2 and let X be a Banach space with dim(X) > 2. Let 
F={f^:ieZ)e lp{Z,X). Then [{F^") : n G Z}] / £p{Z,X). 

Corollary 3.8. [AO]. Let 1 < p < 2, f e Lp{R) and A > 0. Then [/(^^n) ■■ n e Z}] is a 
proper subspace of Lp{M). In particular, no subsequence of {/(^xn) '■ n £ Z} can be ordered 
to form a basis for Lp{M). 

Proof. We let F denote the Fourier transform on Li(M)+L2(M) into the space of measurable 
functions on M. F is a bounded linear operator, restricted to (into Co(M)) and 

when restricted to ^2(1^) (into L2(M)). By the Riesz-Thorin interpolation theorem, F is 
also bounded as a linear operator from Lp(M) into Lq(M) {l/p + l/q = 1). Now since 
Li(IR) n L2(M) C Lp{R), F{Lp(R)) is dense in Lq{R). For / G Lp{R) and s G M we have 
F{f^) = F{f). Indeed for / G Li(IR) and t G M, 



2tt 
1 



00 



F{fs){t) = ^ I e^-'f{x-s)dx 



ixt . 

c 
-00 

00 

e-^("+")*/(^i) dx = e-''F{f){t) . 

-00 



'2tt 

For a general / G -Lp(M) the result follows by the standard density argument. 

Let / G Lp(R) and A G M. If [{ff^xn) : n G Z}] = Lp(M) then [{e*'^^(-)F(/) : n G Z}] = 
Lg(M). This implies that F{f) / a.e. and that [{e™^(-) : n G Z}] = Lq{\F{f)\i dx). This 
in turn implies that all elements g of Lp{\F{f)\'^ dx) are A-periodic [g{x) — g{x + A) = 
a.e.), a contradiction. □ 

Remark 3.9. For 2 < p < 00 it is shown in [AO] (Theorem 11.21 above) that there exists 

/ G Lp(M) so that [(/("))„ez] = Lp{ 



We will use the Fourier transform on the abelian group Z (see |Ruj ) and also assume our 
spaces to be defined over the complex field. For x = {^j) G ^i(Z) we let x be the function 



-7r,7r]^M, xit) = Y,^ne' 



It is easy to see that x G C(T) when x G ^i(Z) (identifying, as usual, the torus T with 
[— vr, vr] by identifying vr and — tt). Also the map 

0):4(Z)^C(r) , x^x 
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is a bounded linear operator of norm 1. For any x = (^^ : n G Z) 

|2 



1^112 



Thus (•) extends to an isometry from £2(Z) to L2{T, ^ dx). 

Again, by Riesz-Thorin interpolation, the Fourier transform is a bounded linear operator 
from £p(Z) into Lq{T) for 1 < p < 2, 1/p + 1/g = 1. 

Since {x : x G ^i(Z)} is dense in L2(T), it follows that the image under the Fourier 
transform of ip{Z) is dense in Lq{T). 

We also need two lemmas before proving Proposition I3.7[ The first is an easy exercise in 
real analysis. 

Lemma 3.10. Let ly <^ fi be two a-finite measures on the measure space (17, S). Then for 
1 <p < oo, if D CI Lp{v) n Lp{fi) is dense in Lp{fj,), it is also dense in Lp{u). 

Proof. Let p be the Radon-Nikodym density of v with respect to p,. For n G N set 

For n G N, it follows that Lp{p\A„) = Lp(z/|^„). Also by canonically identifying Lp{i>\A„) 
with a subspace of Lp{i'), UneN-^p(^Un) is dense in Lpiu) and this yields the results. □ 

Lemma 3.11. Letl<p<2 and let x = : n G Z) G ^p(Z). Then / ^p(Z). 

Proof. Recall = : j G Z), forn G Z. For n G N, t G T and z = (Cj : i G Z) G 

we have 

By a density argument, we see that for any x G ^p(Z) and n G Z, x(") = e^^'-'x. 

Assume, to the contrary, that [(x^^"'))„gz] = ^p(Z). It then follows that [{e*^"'*^'^x : n G 
Z}] = Lq{T) and thus x 7^ a.e. Also that 

[{e*2"(-) :nGZ}] = L,(T,|x|5dt) . 

By Lemma 13.101 this implies that 

[{e*2n(.) .neZ}]= Lq{T) . 
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Since for any n G Z, 











, if n = 

/■TT 

-2 / sin(2nt)(it = , if n / 0, 



this cannot be true. □ 

Proof of Proposition [3771 After projecting X onto £p we see that we may assume X = l"^. 
Let / be the obvious isometry between £p(Z,X) and ip{'L) denoted 

where if xj = a:;(j,2)) £ then 

= y2i+i = a;(j,2) • 

Then for {xj)j^i G ip{(^p), {x^^^)nez = iHx)'^"')n& and the result follows from Lemma fS-lli 

□ 

Remark. As noted above by the results of |AOj in section 4 we cannot hope to prove that 
given / G Lp{R), 2 < p < oo, [(/^"■')nGz] / Lp{M.). Nevertheless, by duahzing Proposi- 
tion I3.7[ we have the following 

Corollary 3.12. Let X be a Banach space with dim(X) > 2 and let 2 < p < oo. Let 

P — ifi)i& £ ^p(Z,X). Then {F^") : n G Z} is not a basis for £p{'Z,X) under any 
ordering. 

Proof. Assume that F G {fi)iez S ^p(Z,X) and that {ns)s£N is an ordering of Z so that 
is a basis for ip{Z,X). Let (G^)^i C ^g(Z,X*) be the biorthogonal functionals 
of Set G = {gj)jez = Gi. We let G^"^) = {gj^m)j&, as usual. For G N and 

m ^"L Yfe have 

1 , \i Us - nt = ni 
, if n-s - nj / ni. 

As before, we see that Gs = G^""""!). In particular, span{G^") : n G Z} is T«*-dense in 
£q{X*). Let be a two dimensional subspace of X and let P be a projection of X onto E. 
Let Q : ^p(Z,X) ^ £p{Z,E) be the projection given by Q{H) = [P{hi))i^i. It follows that 



(F("--"*),Gi) 
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span{G^"'^ \£^(^i,E))n& is w* dense in E*) and hence norm dense (the latter is reflexive). 
This contradicts Proposition 13.71 □ 

4. Results from the literature and open problems 

We first cite some more known results from the literature. 

Theorem 4.1. [DH, Theorem 5.1(b)]. Let g^'^\ g^'^\ . . . , g^""^ G L2{M.'^) n Li(M'^) and let 
Fi, . . . , Fm C M'^ be countable. Then {q^^x) • ^ = 1; 2, . . . , m, A G Fj} cannot be ordered to 
be a Schauder basis of L2(M.'^)- 

Theorem 4.2. ([ERJ and [Ro], cf. [HI Theorem 9.18]) If g e Lp(M'^), g ^ 0, and 1 < 
p < then the functions {g{{-) — cxk) : k = 1,2, . . . , N} are linearly independent for any 
G N and any collection {ak)^^i Q of distinct points. 

V < P < oo, then for N G N there exists ^ g G Lp{M.'^) and distinct points 
{c(k)k=i — ^^^^ {dii') ~ '^k) '■ k = 1,2, ... , is linearly dependent. 

Our last cited result requires some notation. For A C M let <f (A) = spanje*'^^') : A G A}. 
Let i?(A) = sup{p > : <?(A) is dense in C[— p, p]}. Recall, A C R is discrete if it has no 
accumulation points. 

Theorem 4.3. [BOUj Theorem 1]. Let A C M be discrete. There exists f G -Li(M) so that 
[{/(A) : A G A}] = Li(M) if and only if R{A) = oo. 

Finally we list some problems that remain open. The main one is 

Problem 4.4. Let 1 < p < oo. Does there exist / G Lp{R) and A C M so that {/(a) : A G A} 
can be ordered to be a basis for Lp(M)? Can we find / and a uniformly discrete set A so 
that {/(A) : A G A} can be ordered to be a frame for Lp(M)? 

By identifying Lp(M) with Lp[0, 1] we have a more general version of the basis problem 
inOl 

Problem 4.5. Does there exist a normalized basis {fn)^=i for Lp[0, 1], 1 < p < oo, so that 
for all < 6 < 1, 

oo 

Eii/"i[o,fc]ir<~? 

n=l 

If 4 < p < oo can we find such /„'s which form an unconditional basis for Lp[0, 1]? 

Problem 4.6. Let 4 < p < oo. Does there exist / G I/p(M) and A C M so that (/(A))AeA is 
an unconditional basis for Lp(M)? 
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We can also raise questions asking for less and here is one such question. 

Problem 4.7. Let 1 < p < 4. Does there exist / G Lp{M.) and a uniformly discrete set 
A C M so that [{/(A) : A G A}] C Lp(R) contains an isomorph of £2 and (/(a))a6A can be 
ordered to be a basic sequence (or a frame)? 

Problem 4.8. Let A C M be uniformly discrete and / G Li(M). Does A) embed into 
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